301IbIIyBaTUCS. SIKIIO BijloMa IMIBHJAKICTH POCTy momyiismii v(t), TO MH MOXXEMO 3HaWTH
HPUPICT YMCENFHOCTI MOMYJIALIi 32 MPOMIKOK yacy Bifa ty g0 T. Crnpasai, 3 BusHaueHHs V(t)
BUILUTHBAE, 1O 1151 GYHKILSI € MOXiTHOI B yrcenbHOCTI momysisaiii N (t) B MOMEHT t, i, OTXKe,

gyrcenbHiCTh momyJsiii N (t) e mepsicaoro st v(t). Tomy:
T

N(8) = N(to) = J v(e)de ()

Binomo, 1m0 B yMoBax He0OOMEXEHUX PECypCiB XapuyBaHHS HMIBUAKICTh POCTY O6araTbox

TOMY Al € eKCTIOHEeHIanbHOI0, T06T0 V(t) = aet. [lonymsamuis B IbOMy BUMAAKy Hade HE

crapie». Taki yMOBH MOKHA CTBOPUTH, HAPUKIIA]T, JJII MIKPOOPTaHI3MiB, ITEPECaKyI0un 4ac

BiJl 4acy KyJIbTypy, LIO PO3BHBA€ETHCS B HOBY €MHICTh 3 >KUBWIIBHHM CepenoBHIIeM [2].
3acrocoByroun popmyiry (1), orpumaemo:

N(T) = N(t,) + a ft: ektdt = N(to) + % (kT — ekto) )

3a ¢opmyiioro, moaioHO 110 (2), MiApaxoBYIOTh, 30KpeMa YUCEIbHICTh KYJIbTUBOBAHHX
rpuOKiB, 0 BUAUIAIOTH MEeHIIWIiH. [le 3aBgaHHs MOKHA 3alpOTIOHYBAaTH CTYJIEHTaM TaKOX
[Py BUBYECHHI BU3HAUYEHOTO IHTETpaa.

3a3HaunMO 1[0, B YMOBaX IEPEXOAy Ha CTAaHAAPTH HOBOTO IOKOJIHHS Ha 3acaaax
KOMIIETEHTICHOTO MiAXOJy, BMKJIaJa4yeBl MOTPIOHO NEPEerisiHyTH METOAWYHMNA CYHpOBiX
HaBYAJILHOT'O MPOIIECY, TOCHIMBIIHN HOTO MPAKTHIHO-TIPOQECiiHy CKIIAJI0BY.
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UDC 512.745

ON DERIVATIONS FOR CHEBYSHEV POLYNOMIALS OF THE
FIRST KIND AND RELATED IDENTITIES

N. B. Lunio

The Chebyshev polynomials T, (x) of the first kind are defined by the following
generating function
1-xt -
—— = T (X)t".
1—2xt +t2 nzz(; ()
First derivative of the Chebyshev first kind polynomials T, (x) can be expressed in terms
of T,(x) as follow (see, for example [1]),

d =
—T. (X)=2n
i 2 (%)

G(T,(x).1) =

1
T (%),
k=0
n—k—odd

where the notation (-)’ at the summation symbols means that the term contributed by k = 0 is to
halved, if it appears. The latter formula is presented in [2] for odd and even indexes separately
(as a remark, the difference between "odd" and "even" cases is also admitted in [3]):



T!(X) — 2n(Tnfl(X) +Tn73 (X) +“'+T1); n—even
T 2n(T, 4 (0 + T, s (0 4+ T, )+ 0T, n—odd
which could be easily rewritten in the form

iTn<x>:n[z(1 O 0+ 20 )T<>]

dx =

Definition 1. Derivations of C[X,, X, X,,...,X,] defined by
e 1-(-1)"
D, (%) =0, Dy (x,) = n(z(l—(—l)k)xn_k =) xoj
k=1
are called the Chebyshev first kind derivation. Some first of them are shown below
Dr(X) =0, Dr(x) =X, Dr(x;)=4x;, Dr(X3)=6x,+3X,, Dr(x,)=8x;+8x,
D; (%) =10x, +10x, +5X,, Dy (Xs) =12Xs +12X, +12x,, D; (X;) = 14X, +14X, +14X, + 7X,.
The k-th derivative of Chebyshev polynomial of the first kind is calculated in [4] as follows

n-k
< k-1
Df(x,)=2" 3 (n-i-1)*~ (k i —1jTM(x)—[[n -kevenl2 (A7 -] (2K -1
i=0
k-1 -
where notations of falling factorials s* and Iverson’s symbol [[P]] is used, or, more explicitly,

n—k n+k

}n (—1)!
k (n l) : 1 n—k \ Hk—1 2 n+k
DX(x,)=2 Zm(kﬂ—ljxn“i—g(br(—l) )2"n (”‘kju > —1|X,.
k-1 2 S| k-1
Consider P(T,(x),T,(x),...,T,(x)) =const., where T,(x) =% and P(Xy,X;,...,X,) is a

polynomial of n+1 variables, P(T,(x),T,(x),...,T,(x)) gives an identity of the Chebyshev
polynomials of the first kind, and we obtain the following differential operator:
n-1 n

D, := xogi)(l+4xlai;2+(6x2 +3x0)aixg+-~+(n(kzz;(l—(—l)")xn_k +1_(2_1) X)) ai
where P(X,,X,,...,X,) belongs to the kernel of D;.

Definition 2. Subalgebra kerD:={f e C[X,,%,X,,...,X, ]| D(f) =0} is called the
kernel of derivation D. It was shown in [5] that for an arbitrary locally nilpotent derivation D
if there exists a polynomials h such that D(h) =0 but D?*(h) =0, then

ker D = C[o(X,),0(%,)1-., (%, )IID(N) 1A ClXg, Xy, X, 1, WHere oy y = ZD (X)i Py
XO

n

Definition 3. The polynomials Cn are called the Cayley elements of the Iocally nilpotent
derivation .
Replacing in (2) factorials’ ratios and binomial coefficients by

n+k
2 - k-1

H (n—K)2+r),
[ER

o =1 _(n+k ST
B(k,l)-(k;llJ _lm_[l(n 1+m), D(n,k) [ & } e 1)1_!(n k)2+q)

respectively, we obtain, after some computations, the following statement.

An,i k)= =1=DE

m H(n i-t), C(nk)=~—2%




Theorem. The Cayley elements for the Chebyshev first kind derivation equal

R o

Co =% Z _ ZA(nlk)B(k DX = D) 1),c (n k)X

H — _ — 2 — 3 2 2

In particular,C, = x,, C, = x;, C, ==2X," + X,X,;, C; =8X;” —6X,X,X, —3X, X, + X3X,",
_ 4 2 2,2 2 3
C, ==24X, + 24X, X, Xy +8X, X" —=8X; XX, + X, X,

5 3 2 2 3 3 4 4
C, = 64X, —80x, X, X, +40X, X, X,” —10X, X, X,” —10%, X, X, =5X, X; +XsX; -
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VJIK 512.548

PO OJJHOCTOPOHHIO JIHIAHICTH I30TOIIB ABEJIEBUX I'PYII

@. M. Coxauywvkuii, 0. O. Tapxoscvka

Haranaemo, 1o ¢yHKiist Bij 180X 3MIHHUX f, sika BU3HAUEHA HAJl BEKTOPHUM IIPOCTOPOM
P", ne P — none, HasuBaeThcsa aimitinoI0, KO I8 JESAKMX KBaAPAaTHUX MATpPHIb N-TO
nopsaky A, B, C mae micrie piBHICTB
f(X,y)=XA+yB+C,
mst Beix X, Y e P". V3aransHeHHSM mi€i byukiii € Gyukiis f, ska BU3HAUYeHA HAJ TPYIOIO
(Q;+) piBHictiO
f(X,y)=ax+py+c 1)
IS IesikuX engoMopdismiB a, f rpymu (Q;+) | enemenra € € Q . Skimo koediuientu o i f
oGoportHi, T06TO € aBToMopdizmamu rpymu (Q;+) , To onepanis f € o6oporHorO, a mapa (Q; f)
€ KBasirpymoro | HasuBaeTbCs niuitnoro keasiepynow nao epynoro (Q;+). BuBuYeHHIO

JiHIHHOCTI KBa3irpyn nMpUcBsiueHo Garato mparib, 30kpema B [1] omucano yci niniiiai i3oTomnu
HaJl UKJIIYHUMHA TPYTIaMHU.

Bigomo, mo anredpa (Q;f) masuBaerbcs ksasziepynoro [2], sxmo s IOBIIBHHX
a,b € Q xoxHe 3 piBHIHD

f(x,a)=b, f(ay)=b



